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The experimental progress in synthesizing low dimensional nanostructures where carriers are 
confined to bent surfaces has boosted the interest in the theory of quantum mechanics on curved 
two-dimensional manifolds. The current theoretical paradigm relies on a thin wall quantization 
method introduced by Da Costa Q] . In Ref. 0| Jensen and Dandoloff find that when employing the 
thin wall quantization in presence of externally applied electric and magnetic fields, an unphysical 
orbital magnetic moment appears. This anomalous result is taken as evidence for the breakdown 
of the thin wall quantization. We show, however, that in a proper treatment within the Da Costa 
framework: (i) this anomalous contribution is absent and (ii) there is no coupling between external 
electromagnetic field and surface curvature 

PACS numbers: 



To derive the thin wall quantization in presence of ex- 
ternal electromagnetic field we start with the Schrodinger 
equation that is minimally coupled with the four com- 
ponent vector potential in a generic curved three- 
dimensional space. Adopting Einstein summation con- 
vention and tensor covariant and contravariant compo- 
nents, we have 
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where Q is the particle charge, G % i are the contravariant 
components of the metric tensor and j4, are the covariant 
components of the vector potential A with the scalar 
potential defined by V — —Aq. The covariant derivative 
T>i is as usual defined by 

ViVj = diVj - T^v k , 

where Vj are the covariant components of a vector field 
v and T^- are the Christoffel symbols 



I* = -G hl [dj Gu + didj - diGtj] . 



From Eq. (p} one obtains 
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where for convenience we introduced the time gauge co- 
variant derivative Vq — ft — iQAq/H. To proceed fur- 
ther, it is useful to define a coordinate system. As in 
Ref. we consider a surface S with parametric equa- 
tions r = r ((71,(72). The portion of the 3D space in the 



immediate neighborhood of S can be then parametrized 
as R(q 1 ,q 2 ) = r(q 1 ,q 2 ) + (73^(171, g 2 ) with N(qi,q 2 ) the 
unit vector normal to S. We then find, in agreement with 
previous studies the relations among Gy and the 

covariant components of the 2D surface metric tensor 
to be 



Gij — gij - 
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with a indicating the Weingarten curvature tensor of the 
surface S [2J, [4| . We recall that the mean curvature M 
and the Gaussian curvature K of the surface S are related 
to the Weingarten curvature tensor by 



M = 



Tr{a) 



K = Det(a) 

Now we can apply the thin-layer procedure introduced 
by Da Costa @ and take into account the effect of a con- 
fining potential V\(qs), where A is a squeezing parame- 
ter that controls the strength of the confining potential. 
When A is large, the total wavefunction will be localized 
in a narrow range close to (73 = 0. This allows one to 
take the (73 — > limit in the Schrodinger equation. For 
the sake of clarity, it is better to introduce the indices a, b 
which can assume the values 1, 2 alone. From the struc- 
ture of the metric tensor, one finds the following limiting 
relations: 

r^ 3 = 

lim G ab T 3 ab ee -2M 

With this, the Schrodinger equation Eq. @ can be then 
recast as 

ihUoip = Hstp + Hn4> 
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where T-Ls is an effective 2D Hamiltonian that depends 
on the surface S alone and reads 

Us = - ^ [h 2 g ab d a d b ^- h 2 g ab r k ab d k i> 

-iQhg ab d a {A b ^) + iQhg ab T k ab A k ij> 
-iQhg ab A a d b iP-Q 2 g ab A a A b ^] . 

The Hamiltonian H n that depends on the degrees of free- 
dom in the normal direction to the surface S is 

Hn = - ^ [h 2 dl ip + 2h 2 Md 3 ifj - i Q nd 3 (A s ip) 

-2i Q hMA 3 ijj ~ i Q hA 3 d 3 ^p - Q 2 Aj^] , (3) 

where we left out the confining potential term. In the 
equation above, the linear coupling between the ^3 com- 
ponent of the vector potential and the mean curvature of 
the surface through the term Q MA3 corresponds to the 
anomalous contribution to the orbital angular moment of 
the charged particle found in Ref . Q ■ Now we show that 
this term identically cancels by considering the effective 
Schrodinger equation for a well-defined surface wavefunc- 
tion. In agreement with Ref. [4J, we subsequently find 
that there is no coupling between an external magnetic 
field and the curvature of the surface, independent of the 
shape of the surface. 

In order to obtain a surface wavefunction depending 
on (91,92) alone 043, we introduce a new wavefunction 
X (9i)92)93) that in the case of separability decomposes 
as x(9i,92,93) = XsfauQs) x Xn(q 3 )- Conservation of 
the norm requires 

1/2 

^(91,92,93)= [1 + 2M93 + K 93] x(li, 92,93)- 



In the 93 — > limit, the following relations hold: 



lim ip = x 

lim d 3 ?p = d 3 x — M\ 

lim dU = dlx - 2Md 3X + 3M 2 X - K\- 
93^0 



With these limiting relations, Hn reduces to 

n N = -^-[d 2 x+(M 2 -K) x -2iQhA 3 d 3X 

-iQh x d 3 A 3 -Q 2 A 2 3X ] (4) 

The second term in the square brackets corresponds to 
Da Costa's curvature induced scalar potential [2] . 

The Hamiltonian T-L^ governing the dynamics along 
the direction normal to the surface is thus coupled to 
the dynamics on the surface S only via the term A 3 d 3 x 
[j]. One finds that, contrary to Ref. [3], a coupling be- 
tween the surface curvature and the external vector po- 
tential is lacking. This implies absence of the fundamen- 
tal problem that was signaled in Ref. Q in Da Costa's 
thin wall quantization method - instead the method is 
well-founded and can be employed without restriction. 
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fined to bent surfaces has boosted the interest in the theory of quantum mechanics on curved 
two-dimensional manifolds. It was recently asserted that constrained electrically charged particles 
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Introduction - A proper understanding of quantum 
physics on surfaces in ordinary three-dimensional (3D) 
space has become immediate due to the present drive 
in constructing low-dimensional nanostructures such as 
sheets and tubes that can be bent into curved, dc- 
formable objects such as torii^ and spirals^—. The cur- 
rent theoretical paradigm relies on a thin wall quantiza- 
tion method of the two-dimensional (2D) manifold intro- 
duced by Da Costal. The quantum motion in the 2D 
surface is treated as a limiting case of a particle in an 
ordinary 3D space subject to a confining force acting in 
the normal direction to its 2D manifold. Because of the 
lateral confinement, quantum excitation energies in the 
normal direction are raised far beyond those in the tan- 
gential direction. Henceforth, the quantum motion in the 
normal direction can be safely neglected. On the basis 
of this, one then deduces an effective dimensionally re- 
duced Schrodinger equation. The thin-wall quantization 
procedure has been widely employed since 7 " - — 4 . From the 
experimental point of view, the realization of an opti- 
cal analogue of the curvature-induced geometric poten- 
tial can be taken as empirical evidence for the validity of 
Da Costa's squeezing procedure 1 ^. 

But in spite of its immediate relevance to constrained 
nanosctructures, the thin-wall quantization procedure is 
still theoretically debate d 16 ' 17 , particularly in the pres- 
ence of externally applied electric and magnetic fielcU^. 
Indeed, it has been asserted 1 ^ that a charged particle 
of charge Q couples to a term linear in QA3M with A3 
the transverse component of the electromagnetic poten- 
tial and M the mean curvature of the 2D manifold. Even 
more, it was argued in Ref. [H that, independent of the 
size of the charge Q, the essence of the thin- wall quan- 
tization procedure, i.e. the decoupling of the transver- 
sal quantum fluctuations from the motion along the sur- 
face, is necessarily undermined when constraints differ- 
ent from Dirichlet ones are imposed on the normal quan- 
tum degrees of freedom. In this Brief Report, we re- 
solve this paradoxical situation and show that: (i) there 



is no coupling among the mean surface curvature and 
the external electromagnetic field independently of the 
gauge choice 1 ^, and (ii) the thin-wall quantization proce- 
dure is well founded and can be safely applied even when 
non-Dirichlet type of constraints are considered for the 
transversal motion of the quantum particle. 

Schrodinger equation - To derive the thin wall quanti- 
zation in the presence of externally applied electromag- 
netic field we follow the procedure of Refs. [l6lfl8l and start 
out with the Schrodinger equation minimally coupled 
with the four component vector potential in a generic 
curved three-dimensional space. Adopting Einstein sum- 
mation convention and tensor covariant and contravari- 
ant components, we have 
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where Q is the particle charge, G 1 ^ is the inverse of the 
metric tensor Gij and Ai are the covariant components of 
the vector potential A with the scalar potential defined 
by V — — Aq. The covariant derivative T>i is as usual 



defined as T>iVj 



diVj ■ 



-T ffc, where Vj are the covariant 



components of a 3D vector field v and Iy is the affine 
connection related to the 3D metric tensor by 

The gauge invariance of Eq. ([1]) can be made explicit^ 
by considering the gauge transformations Aj —> Aj + 
djU), Aq — > Aq + dtitJ and ip — > ip cxp (iQ lj / h) with u) a 
scalar function. To proceed further, it is useful to define 
a coordinate system. As in Ref. Ia ll6lll8l we consider a 
surface S with parametric equations r = r^i,^)- The 
portion of the 3D space in the immediate neighborhood 
of S can be then parametrized as R(gi, 92) = r(gi, 92) + 
qsN(q±,q2) with N(qi,q2) the unit vector normal to S. 
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We then find, in agreement with previous studies ^ 16 ' 18 , 
the relations among G^ and the covariant components 
of the 2D surface metric tensor to be 
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where a indicates the Weingarten curvature tensor of the 
surface <S§»i&. We recall that the mean curvature M and 
the Gaussian curvature K of the surface S are related to 
the Weingarten curvature tensor by 



M 



Tr(a) 



K = Det(a). 
Now we can apply the thin-layer procedure introduced 



by Da Costal and take into account the effect of a con- 
fining potential V\(qs), where A is a squeezing parame- 
ter that controls the strength of the confining potential. 
When A is large, the total wavefunction will be localized 
in a narrow range close to q 3 = 0. This allows one to take 
the q 3 — > limit in the covariant derivative appearing in 
the Schrodinger equation Eq. ((T|). From the structure of 
the metric tensor, it is straightforward to show the fol- 
lowing limiting relations for the affine connection to hold 



lim G lJ 

J3-K) 



r 3 i:j = -2M 



lim G^Tf, 



where we introduced ^ , the affine connection related to 
the 2D surface metric tensor gij. With this, the effective 
Schrodinger equation in the portion of the 3D space close 
to the surface S is 



J 



ih 



iQA a 



2m' 



iQAi 



iQAj 



2m 



iQA 3 



1> 



■ Md 3 ip - 



iQh 



MA 3 ^, (2) 



where we left out the confining potential term and de- 
fined the 2D covariant derivatives of the surface metric 

V. .'l 



as diVj — diVj — jfjVk where Vi now indicates the co- 



variant components of a generic 2D vector field. In the 
equation above, the term Md 3 ip yields a coupling among 
the transversal fluctuations of the wavefunction and the 
surface curvature. Similarly, the linear coupling between 
the A3 component of the vector potential and the mean 
curvature of the surface through the term Q MA3 yields 
an anomalous curvature contribution to the orbital mag- 
netic moment of the charged particle^. Now we show 
that both these terms vanish by considering the effective 
Schrodinger equation for a well-defined surface wavefunc- 
tion. In agreement with Ref. HH we subsequently find 
that in an arbitrary gauge, there is no coupling between 
an external magnetic field and the curvature of the sur- 
face, independent of the shape of the surface. 

In order to find a surface wavefunction with a defin- 
able surface density probability-^, we are led to intro- 
duce a new wavefunction xilii 12,13) for which in the 
event of separability the surface density probability is 
IX||(9i7 92) | 2 / dq 3 \xN{qs)\ 2 ■ Conservation of the norm re- 
quires 

1/2 

^(91,92,93)= [1 + 2M93 + Kq 3 ] x(qi, 92,93)- 

In the immediate neighborhood of the surface (q 3 — > 0) 
the original wavefunction and its corresponding deriva- 
tives in the normal direction are related to the new wave- 



function x by 
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With the relations above, the effective Schrodinger equa- 
tion Eq. ^ takes the following form 
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The purely quantum potential oc h 2 in the equation above 
corresponds to the curvature induced geometric potential 
originally found by Da Costal. Apart from that, Eq. ([3]) 
represents the gauge invariant Schrodinger equation min- 
imally coupled to the four component vector potential in 
a curved three-dimensional space with metric tensor— 
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We therefore obtain a mapping of the original metric ten- 
sor Gij into Gij preserving the gauge invariance. If we 
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now choose to fix the gauge, the new metric tensor Eq. (HJ 
has to be taken into account. For instance by imposing 
the Lorentz gaug o 16 ' 17 , the condition reads 

V • A = Vj| ■ A,, +d 3 A 3 = 0. 

It is then clear that indepedent of the electromagnetic 
gauge, a quantum charged particle does not couple to 
the mean surface curvature and the gauge choice is free 
of pathologies. This allows us to apply a gauge transfor- 
mation to Eq. ([3]) such to cancel Aj^L thereby reaching 
a separability of the dynamics along to direction normal 
to the surface S from the tangential one. 

General action - Next, we reinforce our conclusions by 
analyzing in the same spirit of Ref. Il6lll9ll20l . a canonical 
action for the Schrodinger held in the embedding space 
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By performing an integration by parts we can separate a 
volume integral contribution 
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and a total spatial derivative term 



V, 



iQAj 



2m 



(6) 



(7) 



By varying Sv alone, we can easily reach the gauge in- 
variant Schrodinger equation Eq. ([T} . It is also clear that 
under confinement the volume integral Eq. ([6|) transforms 
to 



Sv = / -ih X * d t 



iQA 



X 2m X \ h 



where wc have introduced the covariant derivative T> re- 
lated to the metric tensor Gij and to conserve the norm 
we are considering the rescaled scalar field x- Variation 
of the action written above gives precisely the confined 
Schrodinger equation of Eq. ©. Since the dynamical 
Schrodinger equation comes entirely from a volume con- 
tribution, it directly follows that the total derivative term 
Eq. ([7]) acts as a boundary condition which is stipulated 
by the vanishing of the three-dimensional field 

along the surface dfl of the region of integration. As 
pointed out in Ref. [r| this boundary condition is ful- 
filled for construction if the wavefunction -0 identically 



vanishes on dil - Dirichlet type of constraints are im- 
posed. They can be achieved by considering a squeez- 
ing potential V\(qa) in the form of an infinite potential 
well. This assumption, however, seems not to be the most 
physically sound one since under confinement (q 3 0) 
it would break the natural limits set by the uncertainty 
principle. That the wavefunction should vanish along the 
surface of integration is too restrictive a condition. In the 
confinement procedure, indeed, it is natural to consider 
region of integration that are symmetrical to the 2D man- 
ifold S in the normal direction. Therefore the boundary 
condition reads 



lim [(</<*3#), 







(8) 



where we have considered a region of integration with 
a 2e width in the normal direction and we have set the 
transversal component of the electromagnetic field A 3 = 
0. By referring to the rescaled scalar field %, Eq. (JSj) 
becomes 



lim 

e-s-0 



(X*9sx ~ M\ x \ 2 ) e - ( x *d 3X ~ M\ X \ 2 )_ 



(9) 

This implies that the smoothness of the rescaled wave- 
function and of its first derivative as they pass through 
the curved surface are enough to fulfill the canonical ac- 
tion boundary condition. With this other types of squeez- 
ing potentials can be also considered in the thin-wall 
quantization scheme. As an example we can consider 
an harmonic trap V\(q 3 ) = m\ 2 g| /2. Since, after gauge 
fixing, the variation of the canonical action leads to the 
separable Schrodinger equation Eq. ([3]) , we may write the 
rescaled wavefunction as 
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which readily satisfies Eq. ©. It is worth noticing that 
the harmonic trap potential corresponds to Neumann 
type of boundary conditions for which a coupling of the 
quantum particle to the mean surface curvature was put 
forward^. 

Conclusions - Here we have provided a consistent 
framework of the thin-wall quantization procedure for 
charged particles in the presence of externally applied 
electric and magnetic field. Contrary to previous claims^ 
we have shown that the mean surface curvature does not 
couple to the transversal component of the vector poten- 
tial neither explicitly in the effective dimensionally re- 
duced Schrodinger equation-- nor implicitly in the gauge 
fixing procedure^ 7 -. We have also considered a canonical 
Schrodinger action and shown that the thin-wall quan- 
tization procedure is not endangered by the particular 
constraints imposed on the transverse fluctuations of the 
wavefunction. Therefore the Da Costa's method is well- 
founded and can be applied without restrictions. 
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